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Influence of Gain Saturation, Gain Asymmetry,
and Pump/Probe Depletion on Wavelength
Conversion Efficiency of FWM in
Semiconductor Optical Amplifiers

N. C. Kothari and Daniel J. Blumenthal, Member, IEEE

Abstract— The effects of gain saturation, gain asymmetry,
and pump/probe depletion on the conversion efficiency of four-
wave mixing (FWM) in semiconductor optical amplifiers are
studied analytically and numerically. The power dependence of
FWM coupling coefficients and ultrafast relaxation-related gain
mechanisms are included in the model. By studying the FWM
efficiency in the transition from unsaturated to strongly saturated
regions, it is seen that gain asymmetry results in deviation from
small-signal models when the pump-probe detuning and pump
powers are small. At high pump injection or gain conditions, it
is also shown that the small-signal model breaks down even for
relatively large detuning frequencies. Probe depletion is also seen
to be critical under saturated conditions and an upper bound is
derived for ranges of input pump power, pump-probe detuning,
and gain for a given amplifier under which the small-signal model
is valid.

I. INTRODUCTION

ONDEGENERATE four-wave mixing (FWM) in
traveling-wave semiconductor optical amplifiers (SOA’s)
has been studied for frequency conversion and dispersion
compensation in wavelength division multiplexed fiber-optic
networks. The FWM frequency-conversion process in SOA’s
is transparent to modulation rate and format, can be used
to convert multiple wavelengths simultaneously [1], [2],
and is efficient over large frequency ranges [3]-[5]. The
conversion efficiency under general saturation conditions
were investigated in [6] neglecting pump and probe depletion
and gain asymmetry. In [7], pump and probe depletion were
accounted for by considering four coupled nonlinear wave
equations for the pump, probe, and two signals. Carrier density
modulation limited the maximum detuning frequencies for this
model to approximately 10 GHz. Ultrafast relaxation-related
gain processes have been incorporated into FWM models
to account for high conversion efficiency out to several
terahertz [8]-[10] without accounting for gain asymmetry.
While the effects of gain saturation and gain asymmetry due
to cross-phase modulation type terms [7], [11] and pump and
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probe depletion have been considered, their role in the three
saturation regimes, nonsaturating, moderately saturating, and
strongly saturating, have not been compared.

In this paper, we present a detailed analytical and numerical
analysis of FWM conversion efficiency based on a depleted
pump and probe model that takes into account the effects
of gain saturation, interband and intraband contributions to
the nonlinear gain, power dependence of the coupling co-
efficients, and gain asymmetry. We show that for a certain
range of parameter values, the conversion efficiency differs
significantly from that given by the small-signal model. These
deviations are due to gain asymmetry under low-level pump
power and at small frequency detunings. Deviations from the
small-signal model also occur under gain saturation conditions
out to relatively large frequency detunings when pump and
probe depletion and power dependence of the FWM coupling
coefficients are accounted for. A general relationship is derived
for a given amplifier that allows one to specify the range of
amplifier saturated gain, input pump power, and frequency
detuning, over which small-signal models are accurate.

II. MIXING GEOMETRY AND COUPLED WAVE EQUATIONS

We consider nondegenerate FWM frequency conversion in
a traveling-wave SOA with collinearly injected pump and
probe waves with z-dependent optical powers P, and P, and
frequencies w, and wg, respectively. The FWM interaction
between the pump and probe generates a signal wave at
frequency w; = 2w, — wg. The FWM signal at 2w, —
wp is neglected, assuming that the probe power is much
smaller than the pump power. Assuming the input waves are
linearly polarized in the same direction, the quasi-steady-state
evolution of the probe, pump, and signal wave amplitudes

A;, i = ¢q,p,s is given by the coupled equations
dA 1 ,
‘j;q =3 [{9(1 —ia) —ao} — 9<774p|Ap|2 +1gs] As[*)] Aq
_ g[npsAf)A:e‘iAkz] )
dA 1 )
7; =3 [{9(1 —ia) — a0} — g (mpgl Agl* + 1ps| A )] 4,
- g‘[(nqp + nsp)AquA;emkz] @)
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where g(z) = go/(1 + P(z)/Ps) is the saturated gain coef-
ficient, go is the small-signal gain coefficient, P; and o are
the saturation power and the linewidth enhancement factor
of SOA induced by carrier density modulation, P(z) =
Yicqps | Ai(2)]? is the total optical power inside the am-
plifier, and « is the nonsaturable internal loss per unit length.
We assume Ak = 2k, — k1 — k3 =~ 0 is satisfied due to the
collinear geometry and low dispersion of the SOA [10].

Gain saturation due to self-phase modulation-type terms of
the form A;A; Af and cross-phase modulation-type terms of
the form A;A;A},¢ # j are accounted for in (1)~(3). Gain
asymmetry is also accounted for through terms of the form
A;A;AY, i # j [11]. Higher order wave-mixing processes
between the newly generated waves and the input waves have
been neglected assuming the input pump power is strong
compared to the input probe power.

The FWM coupling is described in the last terms of (1)-(3).
The coefficients 7);; indicate the strength of index and gain
gratings formed by beating between the associated waves A;
and A;. The FWM coupling coefficient for the pump wave
A, has contributions from the scattering of probe by gratings
formed by signal and pump and due to the scattering of signal
by gratings formed by probe and pump waves. The complex
coupling coefficients #;;, 4,7 = g, p, s, are given by

(72)

— z(wz - w]‘)Tl

mij(2) = P(z)
P

4

Equation (4) contains three relaxation-related gain mech-
anisms [10], carrier density modulation, carrier heating, and
spectral hole burning. Phase interferences between multiple
mechanisms cause an asymmetry in the mixing with respect to
up- and down-conversion. The relaxation lifetimes are given
by Tm, (m = 1,2,3) for carrier modulation, heating, and
hole burning, respectively. The saturation powers P,,, and
linewidth enhancement factors «,,, are given for each process.
The term P(z)/Ps appears only in the denomenator of the
carrier modulation contribution due to the extremely high
saturation powers associated with carrier heating and spectral
hole burning. The saturation powers for carrier heating and
spectral hole burning are large due to fast relaxation times for
these processes.

III. SMALL-SIGNAL MODEL ANALYTICAL SOLUTIONS

In this section, we derive the small-signal model which as-
sumes negligible influence on the FWM conversion efficiency
due to pump and probe depletion and gain asymmetry. Under
these approximations, the coupled equations (1)—(3) can be
written as

dA, 1 ,
= 5lg(1 —ia) —ag4,

T 2 5
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dA 1 .

—d; = 5l9(1 —ia) — aol4y ©)
dA, 1 , ) 1 "

dz = 5[9(1 —ia) — ag]As — Egnqu]ZJAq' )

Assuming that the FWM coupling coefficient #,, is a constant
independent of the total optical power inside the SOA, the field
pump, probe, and signal amplitude exact solutions for (5)—(7),
with A,(0), A4(0), and O as their input values, respectively,
are

Ap’q(z) = Ap,q(O)eF(Z)/Qe_%O‘(F(z)-l-aoz) (8)
1 i
As(z) = —'2_77:0(114;2;(0)14;(O)BF(Z)/26_§0‘(F(Z)+aOz)
* [em) +ao / Fdz 1} ©
0

where the function F(z) = [, (g9(2') — ao)d?’. The SOA
saturated gain G is G = eF(F), which is related to the
unsaturated gain Gy = e%’ by

G = Goe= @) (10)
where
r P(z)/Ps
Fo(L) = 90/0 Wdz —aol. an

In the equations above, L is the length of the SOA.

At the amplifier output, the second bracketed term in (9) is
equal to [G + ag fOL eF)dz — 1]. If the internal loss «y is
low and the gain G is large, we can approximate this term by
just the gain G. The signal intensity and FWM efficiency can
then be written as

2
4D = | 30| EOLO6 12
A(D)P 1
n LD I((();‘ = Jlma*LO)G*. (13)
q

Expressing 7 in dB, for the current set of assumptions, we
obtain the same result derived in [10], shown as

n & 3G + 21,(0) + 2010g10(|11pq! /2) 14

“where the SOA gain G = 4.34F(L) in decibels, and the input

pump power I,(0) is in dBm. Comparing (14) with (5) and
(6) of [10], the complex constants ¢, are given by

Cm = (1 — i) /2P, (15)

As an example, using experimentally determined values of
cm given in [10], the linewidth enhancement factors o, and
the saturation powers P, corresponding to each of the three
mechanisms can be estimated as: o« = 3.6, as = —3.6,
oz = —24.5, P; = 7.8 mW, Py; = 069 W, and Py3 =
255 W.

Note that P,5 and P,3 have large values compared to
P, because mechanisms 2 and 3 are ultrafast mechanisms
compared to mechanism 1. The saturation power for any
mechanism depends inversely on the lifetime associated with
that mechanism [8].
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A. The Influence of Probe Depletion on FWM Efficiency

The effect of probe depletion in the moderately to strongly
saturating region is solved analytically by ignoring the pump
depletion and the gain asymmetry terms in (1)—(3). Again,
we assume that the FWM coupling coefficients 7,, and 7,,
are constants independent of ‘the total optical power inside the
SOA (these constraints will be relaxed in numerical simulation
section). The coupled wave equations are written as

dA 1 ) 1 "

d—zq = a[g(l — ZO() - OJO}Aq - EgnpsA;As (16)
dA 1 )
d—; = 5[9(1 —dor) — aol4p an
dA 1 , 1 *

d; = .Z-[g(l — i) — aglAs — EgnquIZJAQ' (13)

The exact solution of (16)—(18), with A,(0), A,(0), and 0
as the input values of probe, pump, and signal amplitudes,
respectively, are

Aq(z) . Aq(o)eF(z)/Ze—%a(F(z)-l—OzoZ)

X cosh [\/CIC; (ep(z) + ao/ P dy — 1)}
0
19

Ap(2) = A,(0)eF @)/ 2e= o (F(2)+0z) 0

A5<Z) — _A*(O) %CF(z)/2e~%a(F(z)+agz)
q o
x sinh [\/Cfcz (eF<Z> + aO/ FE gy — 1)]
0 .
21
where C = §mpsA2(0) and Cy = 37p, A2(0). The function

F(z) in the above equations is defined after (9). The FWM
conversion efficiency can be written as

‘AS(L) ,
’)7 =
Aq(0)
* 1/2 .
= |2 |l inh MM )|
s 2 ?

2
(22)

L
(G—I—oeo/ eFE gy — 1>}
o .

If the complex arguments of the cosh and sinh functions in
(19) and (21) are small so that cosh(z) ~ 1 and sinh(z) =~ =,
then the above equations reduce to those given by (8) and (9),
and (22) reduces to that given by (13) if the SOA’s internal
loss is low and gain is large. This condition can be specified
by the relation

1

V2

(n;snpq)lm

5 (23)

|4,(0)]’G < 1.

Equation (23) states that the -probe depletion must be taken
into account when. the amplifier saturated gain is large, the
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input pump power is large, and/or the pump-probe detuning is
small. Equation (23) serves as a test as to when probe depletion
accounts for deviation from the small-signal model result given
by (14). '

IV. NUMERICAL SIMULATION

In this section, pump and probe depletion, gain asymmetry,
and power dependence of coupling coefficients are accounted
for by solving the coupled wave equations numerically. These
results are compared to those obtained using the small-signal
model in (14) and with results not including gain asymmetry.

Equations (1)—(3) are solved numerically by assuming that
the SOA’s nonsaturable internal loss per unit length is small
compared to its gain and can be neglected, i.e., ag = 0. Gain
asymmetry and the power dependence of 7;; are accounted
for by retaining P(z)/P; in the denominator of the first term
of (4). In our simulations, we have used the values 7 = 200
ps, 72 = 650 fs, 73 = 50 fs, ¢; = 0.24exp(—41.30), ¢z =
0.0027 exp(21.30), and ¢35 = 0.00048 exp(i1.53) given in
[10].

Figs. 1-9 show how various parameters influence the pre-
dicted conversion efficiency, 7, using the small-signal model
(dashed lines) and exact solutions (dotted and solid lines).
The solid lines are simulation results from the full system of
equations and the dotted lines show the effect of removing gain
asymmetry from the simulation. We performed simulations
for up-conversion, ie., Av = (wp — wy)/2xr < 0, and
down-conversion, i.e., Av > 0. The FWM down-conversion
efficiency is slightly larger than the up-conversion efficiency.
However, the qualitative behavior for both up- and down-
conversion is similar. In the simulations, the small-signal gain
Gy was limited from 10 dB to 35 dB.

At higher pump powers, the FWM efficiency calculated by
the small-signal model deviate significantly from the numerical
simulation results. The dependency of the conversion effi-
ciency on the saturated gain G for four different pump powers
P, is illustrated in Fig. 1. Here, the detuning is Av = —10
GHz and the probe power is F; = —30 dBm. We see that for
a pump power of P, = 0.5 mW, the efficiency deviates about
2 dB, and for P, = 10 mW this deviation becomes 6 dB.
Note that the deviation is relatively insensitive to changes in
the saturated gain G itself and still closely follows the small-
signal G® dependence. The maximal deviation for P, =10
mW is only about 1.5 dB larger than the minimal deviation.

For constant pump power, the gain dependence of n and its
deviation from the small-signal model is relatively insensitive
to variations of probe power. Fig. 2 shows the conversion
efficiency 7 as a function of saturated gain for constant pump
power P, = 10 dBm, detuning Ay = —10 GHz and for
probe powers P, = —30 dBm, —20 dBm, and —10 dBm.
For all three values of probe power, the curves for the full
system of equations (solid curves) are identical, the curves
for the simulation without gain asymmetry (dotted curves) are
identical, and the curves for the small-signal analysis (dashed
curves) are also identical. The deviation between simulation
and small-signal analysis is larger than 5 dB, and the deviation .
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Fig. 1. FWM frequency conversion efficiency as a function of SOA saturated

gain for input pump powers P, = 0.1 mW, 0.5 mW, 5 mW, and 10 mW.
Input probe power is P; = —30 dBm and pump-probe detuning frequency
is Av = —10 GHz. The dashed curves are obtained by using (14), dotted
curves are obtained by solving (1)~(3) without gain asymmetry terms, and
solid curves include gain asymmetry. The solid and dotted curves take into
account power dependence of coupling coefficients.
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Fig. 2. FWM frequency conversion efficiency as a function of SOA saturated
gain for input probe powers Py = —30 dBm, —20 dBm, and —10 dBm, input
pump power P, = 10 dBm, and pump-probe detuning frequency Av = —10
GHz. Dashed curves from (14), dotted curves from (1)-(3) without gain
asymmetry terms, and solid curves with gain asymmetry.

between neglecting gain asymmetry and the full system of
equations is about 0.1 dB.

In Fig. 3, the pump-to-probe power ratio is kept constant at
P, /P, = 30 dB. For the input pump power P, = 0 dBm and
input probe power P, = —30 dBm, the maximal deviation is
about 2 dB, and for P, = 10 dBm and P, = —20 dBm, the
maximal deviation is 7 dB.

Frequency detuning Ay also plays an important role, as
illustrated in Fig. 4. The conversion efficiency is plotted as
a function of saturated gain G for different input pump and
probe powers, keeping their ratio constant as in Fig. 3, and
a detuning Av = —1 THz. Comparison with Fig. 3 shows
that smaller detuning increases the deviation in conversion
efficiency. For example, for P, = 10 dBm, the maximal
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Fig. 3. FWM frequency conversion efficiency as a function of SOA saturated
gain for input pump-probe power ratio Pp/P,; = 30 dB, input pump powers
Pp =1 mW,2mW, 5mW, and 10 mW, and pump-probe detuning frequency
Av = —10 GHz. Dashed curves from (14), dotted curves from (1)-(3) without
gain asymmetry terms, and solid curves with gain asymmetry.
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Fig. 4. FWM frequency conversion efficiency as a function of SOA saturated
gain for input pump-probe power ratio P, /Py = 30 dB, input pump powers
P, =1 mW, 2 mW, 5mW, and 10 mW, and pump-probe frequency detuning
Av = —1 THz. Dashed curves from (14), dotted curves from (1)-(3) without
gain asymmetry terms, solid curves with gain asymmetry.

deviation for Av = —1 THz is 5 dB, and for Av = —10
GHz it is 7 dB. This result illustrates an overestimate of the
conversion efficiency using the small-signal gain model for
detuning out to 1 THz.

The change in deviation between the small-signal model
and the full model for different detunings is investigated in
further detail in Fig. 5. The conversion efficiency # is plotted
as a function of saturated gain G. Pump and probe powers
are kept constant at P, = 10 dBm and P; = —30 dBm, for
various values of detuning Av. For detuning Av = 1 THz, the
results from the simulation with and without gain asymmetry
coincide. With decreasing detuning, the deviation between the
small-signal model and the full simulation model increases,
e.g., for G = 7 dB and Av = 1 THz, the deviation is 2 dB,
for Av = 10 GHz, the deviation is 4 dB.

Based on Figs. 1-5, the two factors which determine the
deviation from small-signal model and the full system of
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Efficiency (in dB}

5.5
G_dB
Fig. 5. FWM frequency conversion efficiency as a function of SOA saturated
gain for input pump and probe powers P, = 10 dBm and P; = —30 dBm,
respectively, and pump-probe frequency detunings Av = 10 GHz, 100 GHz,

and 1 THz. Dashed curves from (14), dotted curves from (1)—(3) without gain
asymmetry terms, solid curves with gain asymmetry.

[}

Efficiency (in dB)

-2 2
Pump power in dBm

Fig. 6. FWM frequency conversion efficiency as a function of input pump
power P, for unsaturated gain Go = 15 dB, 20 dB, 25 dB, and 30 dB. Input
probe power is P; = —30 dBm and pump-probe frequency detuning is Av =
10 GHz. Dashed curves from (14), dotted curves from (1)~(3) without gain
asymmetry terms, solid curves with gain asymmetry.

equations are pump power and frequency difference between
pump and probe. The remaining figures verify this result in
more detail.

Keeping the probe power at a small constant value and for
constant detuning, the deviation of the conversion efficiency
vaties significantly with pump power. In Fig. 6, starting at
small pump powers of P, = —10 dBm, all models accurately
predict n. This is not true for larger input pump powers. At ap-
proximately P, = —4 dBm, we start seeing increasingly larger
deviations of the conversion efficiency 7 calculated using
the small-signal model. Interestingly, this deviation increases
with decreasing small-signal gain Gy, and the deviation of
the conversion efficiency due to gain asymmetry does not
change significantly with change in pump power or change in
small-signal gain. This points to gain saturation as dominant
effect.
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Fig. 7. FWM frequency conversion efficiency as a function of input pump
power P, for unsaturated gain Go = 30 dB and input probe powers P, = 0.01
mW, 0.05 mW, and 0.1 mW. Dashed curves from (14), dotted curves from
(1)~(3) without gain asymmetry terms, solid curves with gain asymmetry: a)
Pump-probe frequency detuning Av = 10 GHz, and b) pump-probe frequency
detuning Av = —10 GHz.
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For very small pump powers, ie., P, < 0 dBm, the
deviation of the conversion efficiencies 7 increases with in-
creasing probe power. Fig. 7 shows the deviation in conversion
efficiency for large unsaturated gain Go = 30 dB. In Fig. 7(a),
the detuning is Av = 10 GHz, and in Fig. 7(b), the detuning
is Av —10 GHz. Up to a pump power of P, = 0
dBm, the deviation of the dashed and the dotted lines from
the solid lines is sensitive to probe power. The deviation
becomes independent of probe power for pump powers larger
than 6 dBm. Note that in Fig. 7(b), for low-pump and low-
probe powers, the small-signal model and the simulation
without including gain asymmetry predict lower efficiencies
than the full simulation model. When deriving the equations,
we assumed that the pump power is much larger than the probe
power. In the low-pump/high-probe power region of Fig. 7(a)
and (b), this assumption has been violated. We performed the
simulations with a full system of four waves, and in the worst
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Fig. 8. FWM frequency conversion efficiency as a function of input pump
power P, for unsaturated gain Go = 30 dB, input probe power Py = —20
dBm, and pump-probe frequency detuning Arv = 10 GHz, 25 GHz, 50 GHz,
and 100 GHz. Dashed curves from (14), dotted curves from (1)~(3) without
gain asymmetry terms, solid curves with gain asymmetry.

case the resulting efficiencies deviate less than 1 dB from the
results in Fig. 7(a) and (b).

Fig. 8 shows that even for large detunings, there is still
a large deviation of the conversion efficiency at high-input
pump powers. For detunings between Av = 10 GHz and
100 GHz and pump powers between P, = —10 dBm and
10 dBm, the deviation in conversion efficiency increases with
decreasing frequency detuning and increasing pump power.
For very low detuning, i.e., detuning below 10 GHz, the
effect of gain asymmetry is very strong. Fig. 9 shows the
conversion efficiency for detuning down to Av = 1 GHz.
Up-conversion is shown in Fig. 9(a), and Fig. 9(b) shows
down-conversion. Using a constant large-input pump power
P, = 10 dBm and a small constant probe power P, =
—20 dBm, the influence of the frequency difference becomes
very pronounced, particularly below Av = 10 GHz. For a
small-signal gain Gy = 30 dB, the deviation between the
small-signal model and the full model changes from about
4 dB at Av = 10 GHz to 17 dB at Av = 1 GHz.

V. SUMMARY AND CONCLUSION

We have studied the influence of pump-probe depletion,
power dependence of coupling coefficients, and gain asym-
metry on nondegenerate four-wave mixing efficiency in semi-
conductor optical amplifiers. Our model takes into account
gain saturation and ultrafast gain mechanisms. The coupled
wave equations are solved analytically for two different cases:
1) depletion of both pump and probe are neglected, and 2)
depletion of pump is neglected but that of probe is taken into
account. These cases assume that the effects of gain asymmetry
and power dependence of coupling coefficients are small and
can be ignored. The third case where depletion of both pump
and probe waves together with gain asymmetry and power
dependence of coupling coefficients are incorporated is solved
numerically. The analytical solutions of the wave equations for
the cases 1) and 2) enable us to obtain bounds on the conver-
sion efficiency. These bounds suggest that small-signal model
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Fig. 9. FWM frequency conversion efficiency as a function of pump-probe
frequency detuning for unsaturated gain Go = 20 dB, 25 dB, and 30 dB.
Input pump and probe powers are P, = 10 dBm and P; = —20 dBm,
respectively. Dashed curves from (14), dotted curves from (1)~(3) without gain
asymmetry terms, solid curves with gain asymmetry: a) down-conversion and
b) up-conversion. . '

12

is valid only if the input pump power is small, the saturated
gain G is small, and/or the pump-probe detuning is large.

Numerical results presented for various parameter ranges
of the SOA for the case 3) confirm the validity of these
findings. For large pump powers, the small-signal model
predicts too optimistic conversion efficiencies. However, it
is not necessary to include gain asymmetry in the model
as long as the frequency-detuning is high to moderate. For
small frequency detuning, i.e., Av < 10 GHz, and for small
pump powers in combination with large probe powers, gain
asymmetry can no longer be neglected. We believe that
deviations in frequency-conversion efficiency between various
models in this operating region of the SOA are due to
the combined effects of pump-probe depletion and power
dependence of coupling coefficients. Finally, it should be
important to perform calculations with different values of
o, P, and 7. We will report these results in a separate
publication.
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